Abstract. Let n (≥ 3) be an odd integer. Let k := ‫(ޑ‬ √ 4 − 3 n ) be the imaginary quadratic field and k := ‫(ޑ‬ −3(4 − 3 n )) the real quadratic field. In this paper, we prove that the class number of k is divisible by 3 unconditionally, and the class number of k is divisible by 3 if n (≥ 9) is divisible by 3. Moreover, we prove that the 3-rank of the ideal class group of k is at least 2 if n (≥ 9) is divisible by 3.
1. Introduction. The ideal class group is one of the most basic and mysterious objects in algebraic number theory. According to the result of Y. Yamamoto [9] , there exist infinitely many quadratic fields whose p-ranks of the ideal class groups at least two for arbitrary given prime p. However, it is difficult to characterize quadratic fields whose Sylow p-subgroups of the ideal class groups are not cyclic. In [1], C. Erickson et al. gave a simple parametric family of quadratic fields, whose 3-ranks of the ideal class groups at least two. In this paper, we give another family of such quadratic fields.
For an odd integer n (≥ 3), we consider two quadratic fields k := ‫(ޑ‬ √ 4 − 3 n ) and k := ‫(ޑ‬ −3(4 − 3 n )).
In the case, where 4 − 3 n is square-free, we can easily see that the class number of k is divisible by 3. Indeed, the splitting field of
over ‫ޑ‬ is an unramified cyclic cubic extension of k because the discriminant of f is equal to 4 − 3 n . The first aim of this paper is to remove the condition 'square-free' in the above statement; that is, we will prove THEOREM 1. For an odd integer n ≥ 3, the class number of k is divisible by 3.
Next we will prove the following result concerning the divisibility of the class number of k . THEOREM 2. For an integer n ≥ 9 such that n ≡ 3 (mod 6), the class number of k is divisible by 3.
For a square-free negative integer d in general, denote the 3-rank of the ideal class group of the imaginary quadratic field ‫(ޑ‬ √ d) and the real quadratic field ‫(ޑ‬ √ −3d) by r and s, respectively. It is well known that the inequalities s ≤ r ≤ s + 1 hold (see e.g. [8] By using this proposition and Theorem 2, we will prove THEOREM 3. For an integer n ≥ 9 such that n ≡ 3 (mod 6), the 3-rank of the ideal class group of k is at least 2.
Recently, the author proved in his paper [5] that for any integer n (≥ 2), the ideal class group of k has a subgroup isomorphic to C n , where C n is the cyclic group of order n. From this, together with Theorem 1 and Theorem 3, we immediately have COROLLARY 1. For an odd integer n ≥ 5, the ideal class group of k has a subgroup isomorphic to C n × C 3 . In particular, therefore, the class number of k is divisible by 3n.
Proofs of theorems.
For a number field K, denote the discriminant, the norm map and the trace map of K/‫ޑ‬ by D K , N K and by Tr K , respectively.
For an integer m and a prime p,
The following proposition, which combined [3, Lemma 1] and [4, Proposition 6.5], is one of the main ingredients in the proofs of our theorems. Proof of Theorem 1. By the assumption, we can express n = 2m + 1, m (≥ 1) ∈ ‫.ޚ‬ Define the element α ∈ k = ‫(ޑ‬ √ 3 2(m+1) − 12) by
Then we have
The polynomial
is irreducible over ‫ޑ‬ because
is irreducible over ‫ކ‬ 2 . Then by Proposition 2.1, the splitting field of f α over ‫ޑ‬ is a cyclic cubic extension of k unramified outside 3. Moreover, f α does not satisfy the conditions (LN-i), (LN-ii) and (LN-iii) in Proposition 2.3. Therefore, the splitting field of f α over ‫ޑ‬ is an unramified cyclic cubic extension of k, and hence the class number of k is divisible by 3. We easily see that the condition (i) in [6, Theorem] holds. Furthermore,
is irreducible over ‫ކ‬ 2 , so g(Z) is irreducible over ‫.ޑ‬ Then the class number of ‫(ޑ‬
Proof of Theorem 2. By the assumption, we can express n = 6u + 3, u (≥ 1) ∈ ‫.ޚ‬ Define the element α ∈ k = ‫(ޑ‬ √ 4 − 3 6u+3 ) by
Let us show that
is irreducible over ‫.ޑ‬ In the case u = 1, we can verify that
is irreducible over ‫.ޑ‬ Assume now that u ≥ 2 and that α ∈ k 3 . Then we can express
for some s, t ∈ ‫,ޚ‬ where D is the square-free part of 4 − 3 6u+3 . Since
we have
and hence s is divisible by 3. On the other hand, since the norm of (s + t √ D)/2 is equal to 3 2u+1 − 1, we have
and hence t 2 D is not divisible by 3. Therefore we get
From (2.1) and (2.3), we have 3 u | s, and hence we can express
for some a ∈ ‫.ޚ‬ Substituting (2.2) and (2.4) into (2.1), it follows that
and so
This is a contradiction. If a ≥ 4, then
This is also a contradiction. Therefore a must be in the range
It follows from (2.5) that −2 ≡ a (mod 3 2u−1 ).
From this together with (2.6) and u ≥ 2, we have a = −2. This contradicts that the left-hand side of (2.5) is odd. Hence α is not a cube in k. Therefore, by Proposition 2.1, f α is irreducible over ‫.ޑ‬ Since f α does not satisfy the conditions (LN-i), (LN-ii) and (LN-iii), the splitting field of f α over ‫ޑ‬ is an unramified cyclic cubic extension of k . The proof is completed.
Proof of Theorem 3. We keep the notation and situation from the proof of Theorem 2. Then the 3-rank of the ideal class group of k is at least 1. By Proposition 1.1, therefore, it is sufficient to show that there is a cubic field K with disc(K) = −3 3 D. Now define the element α ∈ k by α := 2 + 4 − 3 6u+3 .
It follows from
N k (α) = (3 2u+1 ) 3 and Tr k (α) = 4 that we have
Let θ be a root of f α (X) = 0, and put K = ‫(ޑ‬θ ). Since
we see by Eisenstein's criterion for the prime 3 that f α is irreducible over ‫.ޑ‬ Then by the last half of Proposition 2.1, the splitting field of f α over ‫ޑ‬ is a cyclic cubic extension of k unramified outside 3. We can easily check that the condition (LN-ii) holds. Then 3 is totally ramified in K and so v 3 (D K ) = 3 by Proposition 2.1. Hence we have D K = −3 3 D. By Proposition 1.1 and Theorem 2, therefore, the 3-rank of the ideal class group of k is at least 2. The proof is completed.
Numerical examples.
In Table 1 , we list the square-free part of 4 − 3 n , the structure of the ideal class group of k = ‫(ޑ‬ √ 4 − 3 n ) and the class number of k = ‫(ޑ‬ −3(4 − 3 n )) for 3 ≤ n ≤ 49 with n ≡ 1 (mod 2). In Table 2 , we list the structure of the ideal class group of k = ‫(ޑ‬ √ 4 − 3 n ) for 50 ≤ n ≤ 100 with n ≡ 3 (mod 6). Here we denote an abelian group C n 1 × C n 2 × · · · × C n r by [n 1 , n 2 , . . . , n r ]. REMARK 3.1. We use computer manipulations with GP/PARI (Version 2.1.7). From these tables, we can see that for an integer n in the range 9 ≤ n ≤ 100 with n ≡ 3 (mod 6), the ideal class group of k has a subgroup isomorphic to C 3n × C 3 (thus, in particular, C 9 × C 3 ). However, the author has not yet proved this. n Square-free part of 4 − 3 n The structure of the ideal class group of ‫(ޑ‬ √ 4 − 3 n )
The class number of ‫(ޑ‬ −3(4 − 3 n )) 3 5 7  9  11  13  15  17  19  21  23  25  27  29  31  33  35  37  39  41  43  45  47  49 
